Derivation of a vacuum refractive index in a stringy space–time foam model by Ellis, John et al.
ar
X
iv
:0
80
4.
35
66
v1
  [
he
p-
th]
  2
2 A
pr
 20
08
ACT-01/08
CERN-TH-PH/2008-072
MIFP-08/07
April 2008
Derivation of a Vacuum Refractive Index in a Stringy Space-Time Foam Model
John Ellisa, N. E. Mavromatosb, D.V. Nanopoulosc,d,e
Abstract
It has been suggested that energetic photons propagating in vacuo should experience a non-trivial refractive index
due to the foamy structure of space-time induced by quantum-gravitational fluctuations. The sensitivity of recent
astrophysical observations, particularly of AGN Mk501 by the MAGIC Collaboration, approaches the Planck scale
for a refractive index depending linearly on the photon energy. We present here a new derivation of this quantum-
gravitational vacuum refraction index, based on a stringy analogue of the interaction of a photon with internal degrees
of freedom in a conventional medium. We model the space-time foam as a gas of D-particles in the bulk space-time
of a higher-dimensional cosmology where the observable Universe is a D3-brane. The interaction of an open string
representing a photon with a D-particle stretches and excites the string, which subsequently decays and re-emits
the photon with a time delay that increases linearly with the photon energy and is related to stringy uncertainty
principles. We relate this derivation to other descriptions of the quantum-gravitational refractive index in vacuo.
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I. INTRODUCTION
Over a decade ago, we argued [1, 2, 3] that quantum-
gravitational effects might cause photons of different en-
ergies to propagate at different velocities in vacuo, i.e.,
that quantum gravity might induce a vacuum refrac-
tive index. Our suggestion was based on an analysis
of quantum-gravitational fluctuations in the space-time
background - ‘space-time foam’ - in a formulation of
string theory that used the Liouville field to compensate
for departures from the usual description of string vacua
based on conformal field theory [4]. We also argued [2, 3]
that the most sensitive probes of this possibility would be
provided by distant astrophysical sources producing ener-
getic photons in short bursts, such as gamma-ray bursters
and active galactic nuclei. Subsequently, the possibility
of a vacuum refractive index has also been suggested in
other theoretical frameworks (see, e.g., [5]).
In parallel, increasingly sensitive and rigorous tests of
the universality of the velocity of light based on obser-
vations of photons of different energies emitted by dif-
ferent astrophysical sources have been reported. The
most sensitive such probe has recently been reported by
the MAGIC Collaboration, in an analysis of their data
on the 20-minute long flare of AGN Markarian (Mk)
501 observed on July 9 2006 [6], performed together
with the present authors, A. Sakharov and E. Sarkisyan-
Grinbaum [7]. If the vacuum refractive index n varies
linearly with the photon energy: n ∼ (E/MQGγ), the sen-
sitivity of this test approaches the Planck scale: MQGγ ∼
mˆP ≡ 1/
√
8πGN .
A very strong constraint on any such refractive in-
dex for electrons is provided by astrophysical observa-
2tions of synchrotron radiation from Crab Nebula [8, 9].
These measurements constrain any analogous parameter
for electrons, MQGe, to be several orders of magnitude
larger than the Planck scale, but do not impose stringent
constraints on photon dispersion. We also note that local
effective lagrangian models of quantum-gravity-induced
modified dispersion, such as the modified quantum elec-
trodynamics of Myers and Pospelov [5], necessarily ex-
hibit birefringence (i.e., different propagation speeds for
the two photon helicities) as a result of the unique struc-
ture of the corresponding dimension-five local operators.
However, ultraviolet (UV) radiation measurements from
distant galaxies [10] and UV/optical polarization mea-
surements of light from Gamma Ray Bursters [11] rule
out birefringence unless it is induced at a scale beyond the
Planck mass. Therefore, any model of refraction in space-
time foam that exhibits effects at the level of the MAGIC
sensitivity should exhibit three specific properties: (i)
photons should exhibit a modified subluminal dispersion
relation with Lorentz-violating corrections that grow lin-
early with E/MQGγ , where MQGγ is close to the Planck
scale, (ii) the medium should not refract electrons, so as
to avoid the synchrotron-radiation constraints [8], and
(iii) the coupling of the photons to the medium must
be independent of photon polarization, so as not to have
birefringence. A model with all these properties has been
suggested by us some years ago [12, 13], and is based on
a D-brane model for space-time foam.
We emphasize that a refractive index that grows with
the energy of the photon is not characteristic of the
dispersion relations induced by classical gravity back-
grounds. It is well-known [14, 15, 16, 17] that vacuum-
polarization effects in quantum electrodynamics in non-
trivial vacua, such as finite-temperature plasmas, or be-
tween two parallel plates, or in other restricted spaces,
or in constant-curvature and cosmological backgrounds,
lead to a non-trivial refractive index for photons. For
example, the loop effects of virtual electron-positron
pairs in a Lorentz-violating background such as a finite-
temperature plasma or a space with a boundary do af-
fect the photon dispersion relation. However, these cor-
rections to the velocity of light are all inversely pro-
portional to (powers of) the photon energy, whereas
quantum-gravity effects are expected to grow with energy
as one approaches the Planck energy [1, 2]. Moreover,
field-theoretic calculations generally yield birefringence
effects [17], precisely because they may be formulated in
the language of low-energy effective field theory. How-
ever, birefringence is absent in the string-inspired modi-
fied dispersion relations arising in our non-critical string
description of space-time foam [1, 3, 4], precisely because
it cannot be described in the language of low-energy effec-
tive field theory. Moreover, in our approach the Lorentz-
violating refractive index also violates the equivalence
principle, in the sense that different particle species are
expected to propagate at different speeds. Specifically,
our approach predicts that there should be no modifi-
cation of the propagation of energetic electrons or other
charged particles, whereas it might also be present for
energetic particles without internal quantum numbers,
such as Majorana neutrinos [18], though not necessar-
ily with the same coefficient MQG as for photons. The
absence of any effect for electrons is consistent with the
stringent upper limits on a possible Lorentz-violating re-
fractive index for electrons derived from considerations
of synchrotron radiation in the Crab Nebula [8, 9].
The increasing stringency of experimental constraints
on possible quantum-gravitational refractive indices in
vacuo [7] prompts us to present here a new and concep-
tually simple derivation of a refractive index for photons
in vacuo, which displays explicitly why no birefringence
and no effects for electrons are expected in our intrinsi-
cally stringy formulation of space-time foam. We derive
the effect by analogy with the familiar derivation of a
refractive index for photons propagating in a material
medium with non-trivial optical properties [19], which
is based on the interaction of the electromagnetic wave
with the electrons in the medium, which absorb and re-
emit the photons and may be treated (approximately) as
simple-harmonic oscillators.
Likewise, here we formulate the quantum-gravitational
medium as a set of simple-harmonic oscillators that ab-
sorb and re-emit photons. Specifically, we model the os-
cillators as D0-branes (D-particles) ‘flashing’ on and off
in a space-time background represented by a D3-brane
in Type-1A string theory [12, 13]. We discuss here the
microscopic dynamics of the D-particles during the pho-
ton capture and re-emission process, utilising the flux
forces that are characteristic of D-brane dynamics [20].
Flux conservation results in the creation of intermedi-
ate string states stretching between the D-particles and
the D3-brane world. Their decay produces the outgoing
wave corresponding to the re-emitted photon in the famil-
iar atomic case. In contrast to field-theoretic treatments,
there are no advanced waves, so causality is preserved and
such processes cause time delays proportional to the inci-
dent photon energy. The flux forces are analogous to the
restoring force for the electron in the simple-harmonic
oscillator model for the refractive index [19]. We note
additionally that there is a formal analogy between this
recoil/capture problem and that of strings in a constant
external electric field [21, 22, 23], and thereby with space-
time non-commutativity [24, 25, 26]. The roˆle of the elec-
tric field intensity is played here by the recoil velocity of
the D-particle defect during the process [25, 27].
In the next Section of this paper, we review the famil-
iar derivation of the refractive index in a medium, and in
the following Section we present our D-brane formulation
of space-time foam [12, 13]. In a following Section, we
derive the non-trivial refractive index as a consequence
of photon absorption and re-emission by the D-particles
using stringy methods, and then demonstrate the con-
sistenty of our results with the stringy space-time un-
certainty principles [28]. Finally, we discuss briefly the
relation of this approach to our previous derivation of
this phenomenon using non-critical strings, which makes
3the connection between space-time uncertainty and non-
commutativity in the target space. We leave a detailed
description for a lengthier paper [26].
II. REVIEW OF THE DERIVATION OF A
REFRACTIVE INDEX IN A CONVENTIONAL
MEDIUM
We now review the familiar derivation of a refrac-
tive index for photon propagation through a medium
in standard electrodynamics [19]. This illustrates the
crucial similarities to, and differences from, the string-
induced case discussed in the next Section. The underly-
ing physics is the interaction of the photon with electrons
in the medium, specifically absorption in the material
and the excitation of internal electron degrees of freedom
that one may model (approximately) as simple-harmonic
oscillators. After a characteristic time delay related to
the inverse of the oscillator frequency, the photon is re-
emitted with the same energy as it possessed initially.
We consider [19] the electrons, of mass m, as forced
simple-harmonic oscillators with a resonant frequency ω0,
subject to the force F exerted by an oscillating external
electric field of frequency ω: F = eE0e
iωt, where e is the
electron charge. The corresponding equation of motion
is:
m
(
d2
dt2
x+ ω20x
)
= eE0e
iωt (1)
Assuming for concreteness a plate of thickness ∆z, rep-
resenting the medium through which an electromagnetic
wave travels, where z is perpendicular to x, one can com-
pute in a standard way the electric field Ea produced by
the excited atoms:
Ea = −ene
ǫ0c
i
eE0
m(ω2 − ω20)
eiω(t−z), (2)
where ǫ0 is the dielectric constant of the vacuum and ne
is the area density of electrons in the medium (plate),
which is given by ne = ρe∆z, where ρe is the vol-
ume density of electrons. We next recall that light
propagates through a medium with a refractive index
n with a speed c/n, causing a delay ∆t in travers-
ing the distance ∆z, given by: ∆t = (n − 1)∆z/c.
Representing the electric field before and after pass-
ing through the plate as Ebefore = E0e
iω(t−z/c) and
Eafter = E0e
iω(t−z/c−(n−1)∆z/c), in the case of small
deviations from the vacuum refractive index we have:
Eafter ≃ E0eiω(t−z/c)− i[ω(n− 1)∆z/c]E0eiω(t−z/c). The
last term on the right-hand-side of this relation is just
the field Ea produced to after the plate by the oscillating
electrons. We then obtain from (2):
(n− 1)∆z = nee
2
2ǫ0m(ω20 − ω2)
, (3)
and hence the following formula for the refractive index
in a conventional medium:
n = 1 +
ρeee
2
2ǫ0m(ω20 − ω2)
. (4)
We see in (4) that the refractive index in an ordinary
medium is inversely proportional to (the square of) the
frequency ω of light, as long as it smaller than the oscil-
lator frequency, where the refractive index diverges.
Similar situations characterise the refractive index in-
duced by classical curvature effects in space-time, which
are also inversely proportional to (some power of) the
light frequency [14, 15, 16, 17]. This situation should
be contrasted to the case of a (stringy) quantum-gravity
medium, where the induced gravitational refractive index
is proportional to the light frequency (photon energy) as
we discuss below.
If the couplings of the two polarizations of the photon
to the electrons in the medium are different, the phe-
nomenon of birefringence emerges, namely different re-
fractive indices for the two polarizations. Moreover, we
see from (4) that the propagation of light is subluminal
if the frequency (energy) of the photon ω < ω0, whereas
it is superluminal for higher frequencies (energies) [19].
This reflects the fact that the phase shift induced for
the scattered light can be either positive or negative, but
there such a superluminal refractive index causes no is-
sue with causality, since the speed at which information
may be sent is still subluminal.
III. A D-BRANE MODEL FOR SPACE-TIME
FOAM
After this introductory material, we now describe our
model of the quantum-gravitational refractive index in a
stringy model of space-time foam.
We constructed in [12] a string-inspired D-brane model
of space-time foam possessing realistic cosmological prop-
erties. As shown in Fig. 1, it consists of a ten-dimensional
bulk space-time bounded by two eight-dimensional ori-
entifold planes. Thanks to their special reflective prop-
erties, these orientifolds act as boundaries of the ninth
dimension. The bulk space-time also contains two stacks
of eight-dimensional branes, and the entire structure is
compactified to three spatial dimensions. The bulk space
is punctured by point-like D0-branes (D-particles), which
are allowed in the framework of Type-1A string theory (a
T-dual of Type-1 strings [29]), as considered in [12] and
here. The ground-state energy (dark energy or cosmo-
logical constant) vanishes if the D-branes are stationary
relative to one another.
However, conventional Big-Bang cosmology may be
modelled in this framework by postulating a collision be-
tween two of the D-branes from the original stack, caus-
ing a cosmic catastrophe that can regarded as the initial
state in a non-equilibrium cosmology [30]. After the col-
lision, the D-branes recoil, and we assume that currently
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FIG. 1: A D-brane model of space-time foam in the context
of Type-1A string theory. The model consists of appropriate
stacks (upper panel) of D-branes, some of which are moving in
a higher-dimensional bulk space-time, which is punctured by
point-like D-brane defects (D-particles). Thanks to relative
motions between the D3-brane describing our Universe (lower
panel) and these D-particles in the bulk, the latter cross the
brane world and appear to an observer on the D3-brane as
space-time foam defects that ‘flash’ on and off. The effect
is ‘classical’ from the bulk space-time viewpoint, but appears
quantum-mechanical from the viewpoint of an observer on the
D3-brane. Photons are represented as open strings on the D3-
brane, and interact with these defects via absorption and re-
emission, generating a non-trivial refractive index. Charged
particles do not interact with the D-particle foam, because they
cannot be absorbed by the uncharged D-particles.
they are moving slowly back towards the stack of branes
from which they emanated. As a result of this motion,
the population of D-particles in the bulk cross the D-
brane worlds and interact with the stringy matter par-
ticles moving on them. To an observer on the D-brane,
the space-time defects appear to be ‘flashing’ on and off.
Since this model involves eight-dimensional D-branes,
it requires an appropriate scheme for compactification
to three spatial dimensions, e.g., by using manifolds
with non-trivial higher-dimensional magnetic fluxes (un-
related to conventional magnetic fields). The differ-
ent couplings of fermions and bosons to such external
fields break target-space supersymmetry, and the con-
sequent induced mass splittings [31, 32] between partner
fermionic and bosonic excitations on the D-brane world is
proportional to the intensity of the flux field. In this way,
one may obtain phenomenologically realistic mass split-
tings in the excitation spectrum (at the TeV or some
higher energy scale), as a result of supersymmetry ob-
struction. This model may lead to a value of the dark-
energy contribution to the energy budget of the observ-
able Universe which is in agreement with current observa-
tions. For details of this and other aspects of the model,
we refer the reader to the relevant literature [12, 33, 34].
IV. A D-BRANE MODEL FOR THE VACUUM
REFRACTIVE INDEX
We now consider the non-trivial interaction of an open
string representing a photon with a D0-brane travers-
ing our D3-brane world. This interaction is described
schematically in Fig. 2. It involves the capture of the
open string by the D-particle defect, which becomes ex-
cited, and subsequently re-emits the photon. This pro-
cess is very analogous with the mechanism for generating
a refractive index in a material medium via the interac-
tion of a photon with an electron in an atom. Since there
are no charged D-particle excitations, the conservation
of electric charge prevents charged excitations, such as
electrons, from participating in such processes. For this
reason, in the model of [12] only photons [13] and possi-
bly neutrinos [33] may interact non-trivially with the D-
brane foam. It is this non-universality of the D-particle
foam that allows, as already mentioned, the avoidance
of the stringent synchrotron radiation constraints of [8],
which would otherwise exclude time delays proportional
to the photon energy that are suppressed by a single
power of a mass scale of the order of the reduced Planck
mass mˆP . This is close to the sensitivity exhibited by
the MAGIC data on the AGN Mk501 [6, 7], and leaves
open the possibility of a refractive index that depends
linearly on the photon energy and is suppressed by a sin-
gle power of the string scale, that might be accessible to
observation.
We now describe in more detail the analogous stringy
physics underlying our model of the the refractive in-
dex generated by space-time foam. We note first that
it is adequate to consider the D-particles in the foam
as static, compared to the photon. This is because the
ends of the open string representing the photon move on
the D3-brane world with (essentially) the speed of light
in a conventional vacuum: c → 1 in our units. In con-
trast, the characteristic velocities of D-particles relative
to the brane world are necessarily lower and as discussed
in [30], in order to reproduce the spectrum of primor-
dial density fluctuations in this brane-world model, the
speed of the D3-brane representing our Universe should
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FIG. 2: Schematic view of the capture by a D-particle of an
open-string state propagating on a D3-brane world, represent-
ing a photon. The possible intermediate string states (indi-
cated by the thick wavy lines) that are created by the capture of
the end(s) of the open photon string by the D-particle, stretch
between the D-particle and the brane world. They oscillate in
size between 0 and ∼ α′p0, where p0 is the energy of the in-
cident photon. They subsequently decay by emitting outgoing
photon waves during the re-emission process. The interme-
diate string state provides the restoring force that keeps the
D-particle in its ground-state configuration after the scatter-
ing of the photon string state.
be smaller than 10−4c.
Because of the conservation of the characteristic fluxes
of D-branes [20] due to stringy symmetries, there are
no isolated D-particles. They must always be connected
by strings stretched to either a D3-brane or another D-
particle [25]. The tension of these flux-carrying strings
corresponds in this stringy quantum-gravity model to
the atomic interactions in conventional media. It is be-
cause of these interactions that the analogy holds of the
D-particles with the electrons in the simple-harmonic-
oscillator model [19] for the conventional refractive in-
dex. The flux-carrying interactions play the roˆle of the
restoring force in that model.
When the end(s) of the open-string photon state is
(are) attached to the D-particle, as in Fig. 2, an in-
termediate string state is formed, thanks to the above-
mentioned flux conservation. This stores the incident en-
ergy p0 of the photon as potential energy, and is stretched
between the D-particle and the D3-brane. The string
grows in size to a length L that is determined by the
requirement of energy minimization, as we now discuss.
We assume that, in addition to simply stretching to a
length L, the intermediate string state may also acquire
N internal oscillator excitations. This implies that the
energy may be written in the form:
p0 =
L
α′
+
N
L
. (5)
Minimizing the right-hand side determinesN , which then
is substituted back to the equation to yield the required
maximal length L:
Lmax =
1
2
α′p0. (6)
Since the end of the stretched string state that remains
attached to the D3-brane moves with the speed of light
in (normal) vacuo, c = 1, the time taken for the inter-
mediate string state first to grow to this maximal length
and then to shrink again to its minimal size is:
∆t ∼ α′p0 (7)
This describes the time delay experienced by a photon
propagating through D-particle foam, whereby the for-
mation of the intermediate composite string state be-
tween D-particles and the photon shown in Fig. 2 re-
sembles the excitation of internal degrees of freedom in
a conventional medium [19]. We now note several signif-
icant features of this result.
• Photon propagation in our D-particle model of
quantum-gravitational space-time foam is necessarily
subluminal, avoiding any potential problems with gravi-
tational Cˇerenkov radiation.
• The time delay (7) is independent of the photon po-
larization, and hence the capture process of fig. 2 leads
to no birefringence. For this reason, our D-particle foam
model avoids the stringent constraints coming from as-
trophysical observations [10, 11].
• The derivation of the delay (7) does not rely on a
local effective Lagrangian description of the effect. This
is an important feature of our stringy approach, differ-
entiating it from models that attribute time delays to
modified dispersion relations obtained from a local effec-
tive lagrangian, such as the modified QED Model of [5].
• The effect is absent for particles carrying conserved
charges, such as electrons, because there are no charged
D-particles in our model. Thus, the speeds of ener-
getic particles do not become universal in the high-energy
limit, causing a breakdown of the equivalence princi-
ple, as well as Lorentz invariance. An energetic gravi-
ton would propagate subluminally, like a photon, but
the quantum-gravitational refractive index might differ in
magnitude. In a supersymmetric extension of this model,
the photino (a Majorana particle) would experience an
effect similar to that on the photon. If neutrinos are Ma-
jorana particles, they might also propagate subluminally
at high energies, but not necessarily at the same speed
as photons with the same energies.
The above discussion was in the Dirichlet picture, de-
scribing the attachment of the ends of the strings on D-
branes. In the Neumann picture, the above situation
is described by the scattering of wave-packets of string
states [23], where again an intermediate stretched string
state is formed, when the packets lie close to each other,.
This grows in size from zero to a maximal length α′p0,
determined by the above-described energy minimization
procedure (5). In such a case both ends of the intermedi-
ate string state move with the speed of light, which again
gives a delay of the form (7) in order of magnitude. Such
delays for wave-packets are perfectly consistent with the
string uncertainty principles, as we discuss below.
We now remark that, in the case of Neumann strings
in the presence of a constant electric field, with intensity
6~E, as was considered in [23], the time delay is modified
to become
∆t ∼ α
′p0
1− | ~˜E|2
, (8)
where E˜i ≡ Ei/Ec and Ec ≡ 1/2πα′ is the Born-Infeld
critical electric field, that characterizes open strings in an
external constant electric field background [20, 21, 22].
We note that the appearance of the critical electric field
Ec is associated with the vanishing of the denominator
of the right-hand-side of (8). This reflects the destabi-
lization of the vacuum when the electric field intensity
approaches the critical value, which was noted in [35].
As discussed in [25], to be developed in a forthcom-
ing work [26], there is an analogy between our D-particle
space-time foam model and the case of a constant uni-
form electric field. The recoil of the D-particle defect
during the capture process shown in Fig. 2 induces a dis-
tortion of the surrounding space-time, via a non-diagonal
metric element proportional to the the average recoil ve-
locity ui of the defect [27]. Formally, this plays the same
roˆle as a constant electric field, that is:
∆t ∼ α
′p0
1− |~u|2 : ui = gs∆ki/Ms, (9)
where ∆k is the average momentum transfer during
the propagation of the photon in the D-particle foam
medium, Ms = 1/
√
α′ is the string scale, and gs is the
string coupling.
It can be shown formally [26] that the resemblance
of (8) and (9) is not a mere coincidence. Exploiting
the transformation of the appropriate boundary condi-
tions under T-duality, it can be shown that a Dp-brane
wrapped around a compact dimension, i.e., a circle of
radius R, and carrying a constant electric field E that
points in this direction, is T-equivalent to a D(p-1)-brane
moving with constant velocity u = 2πα′E around the
dual compact dimension, i.e., one with radius R′ = α′/R.
We note that, in the case of relativistic recoil veloci-
ties |ui| → 1 that are attained when the photon energy
E ∼Ms, the time delay ∆t→∞, which is another man-
ifestation of the above-mentioned destabilization of the
vacuum in the case of superluminal velocities or, equiva-
lently, when the external ‘electric’ field reaches its critical
value. We also note the similarity of this feature to the
divergence in the conventional refractive index (4) when
the photon frequency reaches the oscillator frequency.
The time delay (9) is due to a single encounter of a pho-
ton with a D-particle. In case of space-time foam with
a linear density of defects n∗/
√
α′, i.e., n∗ defects per
string length, the overall delay encountered in the propa-
gation of the photon from the source to observation over
a distance D is (assuming that the total photon energy
p0 is conserved on the average, i.e., ignoring small fluctu-
ations due to the D-particle recoil fluctuations discussed
below):
∆ttotal = α
′p0n∗
D√
α′
=
p0
Ms
n∗D. (10)
The total delay (10) may be thought of as implying [19]
an effective subluminal refractive index n(ω) for light
with frequency ω propagating in space-time.
This delay reflects the slowing down of light by medium
effects. We use eiωt−i
~k·~x as a plane-wave basis over which
we expand a photon wave packet. A delay ∆t, implies
that the photon traverses a distance ∆L in time t+∆t,
that is its velocity has effectively been diminished to:
c(ω) ≡ cn(ω) = ∆Lt+∆t = ∆Lt(1+∆t/t) , with c = ∆L/t the
constant speed of light in normal vacuo. From this we
obtain the subluminal refractive index:
n(ω)− 1 = ∆t
t
= c
∆t
∆L
∝ α′p0 (11)
on account of (10).
V. CONNECTIONS WITH OTHER
APPROACHES
We now comment briefly on the relationship of this
derivation to other approaches to string theory.
• First, we observe that the above time delays are di-
rectly connected to the stringy space-time uncertainty
relation [28]:
∆x∆t ≥ α′ . (12)
To see this, we simply combine (12) with the Heisenberg
phase-space uncertainty relation: ∆x∆p ≥ 1 in natural
units. Identifying the momentum p with the energy p0, as
is appropriate for a massless particle, we see that ∆x ≥
1/p0. Inserting this last inequality into (12), we find
that ∆t ≥ α′p0, which is consistent with our result (7).
This is hardly surprising, since both (12) and (7) are
essentially stringy effects, the latter being associated with
the capture process shown in Fig. 2.
• The result (12) has been derived previously within
the context of non-critical Liouville string theory. In
that approach, the conventional critical string framework
based on conformal field theory on the world sheet is ex-
tended by introducing a Liouville field φ that compen-
sates for non-conformality (non-criticality). The field φ
is introduced as a dynamical renormalization scale that
acquires a time-like metric if the effective string theory
goes super-critical as happens, e.g., during an inflation-
ary epoch in the early Universe [30], or because the D3-
brane worlds move in the cosmological framework used
here [12], or in the D-particle recoil process [27, 34] dis-
cussed above. We have further argued that the (appro-
priately normalized logarithm of the zero mode of the)
time-like Liouville field can be identified with the time
variable t [36]. In the case of the D-particle recoil pro-
cess discussed above, the recoil velocity of the D-particle
7causes the departure from criticality, inducing a non-
diagonal term in the effective background metric ‘felt’
by the energetic photon that is proportional to its en-
ergy p0. This induces, in turn, a time delay of the form
(7). The new features here are that we introduce a new
microscopic description of the capture and recoil process
that is formulated within the language of critical string
theory and is closely related to the familiar description
of refraction in a medium. A more complete description
of the relationship between the two approaches will be
given elsewhere [26].
•Within the Liouville approach to recoil [27], the iden-
tification [36] of the target time t with the Liouville mode
causes t to become an operator, after summing up world-
sheet genera [37]. This time variable fails to commute
with the spatial coordinate operators [24, 25], a form of
non-commutativity analogous to that for strings in exter-
nal electric fields [21, 22, 23]. This explains naturally the
space-time uncertainty relation [28], which, as was dis-
cussed above, is consistent with the time delay (7) that
we find, which is proportional to the photon energy p0.
In our case, the roˆle of the external electric background
field is played by the recoil velocity ui of the space-time
D-particle defect. This relation underlies the formal sim-
ilarity between (8) and (9).
We shall present a more detailed discussion of these
issues in a future publication [26].
VI. CONCLUSIONS
Just as the consideration of photons interacting with
electrons provide a derivation of the Heisenberg uncer-
tainty relation ∆x∆p ≥ 1, we have seen that the D-
particles play the roˆle of the electrons in in our D-brane
model of quantum-gravitational space-time foam. In our
case, the D-particle foam is used as a way of ‘explain-
ing’ the stringy uncertainty relation and space-time non-
commutativity, as a result of D-particle recoil. Thanks
to this connection, MAGIC [6] and other γ-ray telescopes
become ‘microscopes’ for probing [7] string uncertainties
and space-time non-commutativity in the framework of
D-particle space-time foam.
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